We prove the following results : (a) The Cube-Connected Cycles network of dimension n is a subgraph of the Butter y network of dimension n. (b) The Shu e-Exchange network of dimension n is a subgraph of the DeBruijn network of dimension n.
Introduction
Parallel computer architectures as well as data structures can be described by networks in a very natural manner. One important way to compare these networks is their ability to simulate each other. To describe such a simulation one network is embedded into another one with respect to some cost measures. There are various ways to compare networks 1]. An "optimal\ simulation is possible, if one network is a subgraph of the other one. Such embeddings will be provided for four important networks.
We show that the Cube-Connected Cycles of dimension n is a subgraph of the n-dimensional Butter y network 2, 3] and that the n-dimensional Shu e-Exchange network is a subgraph of the n-dimensional DeBruijn network 4, 5] . We show the results by de ning bijective functions from the nodes of the guest graph onto the nodes of the host, such that:
For every edge x in the guest graph the image of x under the embedding function is an edge in the host graph. We will use the following notations:
We denote by w = w n?1 w n?2 w 1 w 0 2 f0; 1g n a bit string of length n. w(i) denotes the bit string resulting from w when the bit at position i is changed, thus w(i) = w n?1 w i w 0 .
We de ne a function k : f0; 1g ?! f0; 1g by k(w) := 1 if w contains an odd number of '1' bits 0 otherwise 2. Cube-Connected-Cycles and Butter y
In this section we show that the Cube-Connected Cycles network of dimension n is a subgraph of the n-dimensional Butter y network.
De nition 1 The Cube-Connected-Cycles network of dimension n is denoted by CCC(n) and the n-dimensional Butter y network by BF(n). They are de ned as follows.
CCC(n) := (V; E CCC ) and BF(n) := (V; E BF ) with V := f(i; w) j 0 i < n; w 2 f0; 1g n g E CCC := E C E H E BF := E C E X E C := ff(i; w); ((i + 1) mod n; w)g j (i; w) 2 V g E H := ff(i; w); (i; w(i))g j (i; w) 2 V g E X := ff(i; w); ((i + 1) mod n; w(i))g j (i; w) 2 V g
The Cube-Connected-Cycles network of dimension 3 is presented in Figure 1 , the 3-dimensional Butter y network in Figure This function e is bijective, thus we have to prove: 8 x = fu; vg 2 E CCC : e(x) := fe(u); e(v)g 2 E BF : For any x 2 E CCC we have the following two cases: 1 st case: x = f(i; w); ((i + 1) mod n; w)g 2 E C If k(w) = 0 then e(x) = x and otherwise e(x) = f((i + 1) mod n; w); ((i + 2) mod n; w)g. In both cases e(x) belongs to E C . 
Shu e-Exchange and DeBruijn
In this section we show that the Shu e-Exchange network is a subgraph of the DeBruijn network. To prove this fact, we use very simple algebra.
Three functions are important, if one considers DeBruijn and Shu e-Exchange graphs:
For n 2 N I we de ne s; x; c : f0; 1g n ! f0; 1g n by s(u n?1 u 0 ) := u n?2 u 0 u n?1 (shu e) x(u n?1 u 0 ) := u n?2 u 0 u n?1 (shu e-exchange) c(u n?1 u 0 ) := u n?1 u 0 (exchange)
De nition 2 The DeBruijn network of dimension n is de ned as DB(n) := (f0; 1g n ; E DB ) with E DB := ffu; s(u)g j u 2 f0; 1g n g ffu; x(u)g j u 2 f0; 1g n g
The Shu e-Exchange network of dimension n is de ned as SE(n) := (f0; 1g n ; E SE ) with E SE := ffu; s(u)g j u 2 f0; 1g n g ffu; c(u)g j u 2 f0; 1g n g
In Figure 4 the SE(3) is presented and in Figure 5 the DB(3). Before we start to describe the embedding of SE(n) into DB(n) we note two important facts about these functions: 1) s, x and c are bijective 8 n 2 N I . 2) c = s x ?1 = x s ?1 8 n 2 N I .
The idea for the embedding now is the following: We consider the necklace graph N(n) of the n-dimensional Shu e-Exchange network. The vertex set of N(n) consists of all rings formed by the shu e function s on f0; 1g n . These necklaces are unique and all vertices are mapped to exactly one necklace, because s is a permutation on f0; 1g n . Two necklaces and , 6 = , are joined by an edge in N(n) i there exist u 2 ; v 2 with fu; vg 2 E SE , i.e. i there exists an exchange edge between two nodes of them in SE(n).
It is obvious that N(n) is a leveled network: all necklaces containing nodes with k '1' and n ? k '0' bits build up level k. If two necklaces and are joined by an edge in N(n), then there exist u 2 ; v 2 with u = c(v). Therefore, if u contains k '1' bits, then v must contain k + 1 or k ? 1 '1' bits. Thus j level( ) ? level( ) j = 1.
We now proceed by shu ing all necklaces in odd levels backward. By doing so the exchange edges are shifted by one position forward or backward changing to shu e-exchange edges.
More formally, we de ne an embedding function e : f0; 1g n ! f0; 1g n ; e(u) := s ?k(u) (u) 8 u 2 f0; 1g n :
using the function k already de ned in section 1.
Note that e is bijective. In Figure 6 the SE(3) is shown as a subgraph of the DB(3). If k(u) = 1 then fe(u); e(v)g = fs ?1 (u); c(u)g = fs ?1 (u); x(s ?1 (u))g 2 E DB 2 nd case v = s(u).
Let k := k(u). fe(u); e(v)g = fs k (u); s k (s(u))g = fs k (u); s(s k (u))g 2 E DB .
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